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NUMERICAL METHODS FOR A POROUS MEDIUM EQUATION 
by 
Michael  E .  Rose 
ABSTRACT 
The d e g e n e r a t e  p a r a b o l i c  e q u a t i o n  
a t  = V*(UVVU), v > o  
h a s  been used t o  model t h e  f l o w  of g a s  through a porous  medium. 
E r r o r  estimates f o r  cont inuous  and d i s c r e t e  t i m e  f i n i t e  e lement  
procedures  t o  approximate t h e  s o l u t i o n  of t h i s  e q u a t i o n  a r e  
proved and a new r e g u l a r i t y  r e s u l t  i s  d e s c r i b e d .  
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CHAPTER I 
A POROUS MEDIUM EQUATION 
I n t r o d u c t i o n  
We s h a l l  s t u d y  t h e  porous medium e q u a t i o n  
a u / a t  = V * ( ~ U / ~ V U )  on R x (O,T] , 
au/an  = 0 on as2 x [O,T] , 
u(x,O) = u (x)  on R , (1.3) 0 
where v - > 1 i s  a parameter  and R i s  a bounded domain i n R N  w i t h  smooth 
boundary. The i n i t i a l  f u n c t i o n  u i s  assumed t o  b e  smooth, nonnegat ive ,  
and compactly suppor ted  i n  R ;  i n  p a r t i c u l a r ,  t h e  c o m p a t i b i l i t y  c o n d i t i o n  
0 
au /an  = 0 h o l d s  on as2. 
0 
Our main r e s u l t  i s  t h a t  w e  s h a l l  d e r i v e  e r r o r  estimates f o r  
numer ica l  approximat ions  t o  t h e  problem (1.1)-(1.3), which w e  s h a l l  r e f e r  
t o  as " t h e  porous medium equat ion"  o r  "PME". 
The PME does  n o t ,  i n  g e n e r a l ,  admi t  c lass ica l  s o l u t i o n s .  E x i s t e n c e  
and uniqueness  of weak s o l u t i o n s  w a s  proved i n  one s p a c e  dimension by 
O l e i n i k ,  Kalashnikov,  and Yui-Lin ( [ 1 1 ] , [ 1 2 ] )  and i n  several space  dimen- 
s i o n s  by Lions  [ l o ] .  
c o n d i t i o n s  b u t  t h e  arguments  c a r r y  o v e r  t o  t h e  PME (1.1)-(1.3). 
These p r o o f s  s t u d y  t h e  PME w i t h  d i f f e r e n t  boundary 
The maximum p r i n c i p l e  i m p l i e s  t h a t ,  s i n c e  u i s  nonnegat ive  on 0 ,  
0 
u ( x , t )  is  nonnegat ive  f o r  a l l  ( x , t )  E Rx[O,T] ( s e e  [11],[12]). 
We can rewrite (1 .1)  i n  t h e  form 
(1 .4)  a u / a t  = A K ( ~ )  on x (O,T] , 
where K ( C )  = 
n e g a t i v e  reals  because ,  a l t h o u g h  u i s  neve r  n e g a t i v e ,  v a r i o u s  numer ica l  
k(T)d.c and k(-c) = IT]'. We have d e f i n e d  k(T) f o r  t h e  S 0 
approx ima t ions  t o  u may t a k e  on n e g a t i v e  v a l u e s .  
The r e l a t i o n s  (1 .1) - (1 .3)  are t o  b e  unders tood  as  a model problem 
f o r  f l u i d  f l o w  through porous  media. The a u t h o r  is  i n t e r e s t e d  i n  numeri- 
c a l  methods f o r  (1 .1) - (1 .3)  as  a p r e l i m i n a r y  t o  t h e  a n a l y s i s  of t h e  more 
compl ica ted  d e g e n e r a t e  p a r a b o l i c  e q u a t i o n  
a 
a t  - c ( x , u )  = L A ( x , u )  i- V@(x, t )Vg(x ,u)  + h ( x , u )  on Q x ( O , T ]  , (1.5) 
w i t h  n o n l i n e a r  boundary d a t a  
Here, X i s  a l i n e a r  e l l i p t i c  o p e r a t o r  which i s  independent  of t i m e  and 
A(x,u)  s a t i s f i e s  
A (x ,u )  = a ( x , u )  - > 0 f o r  u - ' 0  
U 
w i t h  a ( x , C . )  = 0 f o r  c e r t a i n  v a l u e s  5 E [ O , ~ ) .  The s p a t i a l  dependence of 
t h e  c o e f f i c i e n t s  i s  n e c e s s a r y  t o  model t h e  f low of f l u i d s  through non- 
J j 
homogeneous media. These e q u a t i o n s  have been used t o  model v a r i o u s  problems 
i n v o l v i n g  t h e  f low of two o r  more f l u i d s ,  among them a w a t e r f l o o d  problem 
i n  pe t ro l eum e n g i n e e r i n g  i n  one space  dimension [ 4 ] .  More g e n e r a l l y ,  one 
would want t o  a n a l y z e  sys tems of d e g e n e r a t e  p a r a b o l i c  e q u a t i o n s .  
P r o p e r t i e s  of S o l u t i o n s  of Degenerate  
P a r a b o l i c  Equat ions  
The s o l u t i o n  of e q u a t i o n  (1 .1)  behaves i n  a s t r i k i n g l y  d i f f e r e n t  
way t h a n  t h o s e  of  nondegenerate  p a r a b o l i c  e q u a t i o n s  ( e . g . ,  t h e  h e a t  
e q u a t i o n ,  v = 0 ) .  L e t  u s  c o n s i d e r  t h e  PME (1.1)-(1.3) as an  i n i t i a l  
v a l u e  problem w i t h R  = IR . 1 
I n  1958, O l e i n i k ,  Kalashnikov,  and Yui-Lin ( [ 1 1 ] , [ 1 2 ] )  proved 
t h a t  i f  uo h a s  compact s u p p o r t ,  t h e n  u ( - , t )  h a s  compact s u p p o r t  f o r  a l l  
p o s i t i v e  t i m e .  I n  f a c t ,  i t  i s  p o s s i b l e  t h a t  t h e  s u p p o r t  o f  u ( * , t )  may 
n o t  expand a t  a l l  f o r  0 < t < t f o r  some t > 0 .  The s t r u c t u r e  of t h e  - - 0 '  
i n t e r f a c e  a S u p p ( u ( x , t ) )  h a s  been s t u d i e d  e x t e n s i v e l y  by B .  Knerr i n  h i s  
0 
doctora l  dissertation [8] .  
Another d i s t i n c t i o n  between t h e  porous medium e q u a t i o n  and non- 
d e g e n e r a t e  p a r a b o l i c  e q u a t i o n s  i s  t h a t  smooth o r  rea l  a n a l y t i c  i n i t i a l  d a t a  
does  n o t  n e c e s s a r i l y  produce a smooth s o l u t i o n .  
d e g e n e r a t e  p a r a b o l i c  e q u a t i o n s  p o s s e s s  a 'smoothing'  p r o p e r t y  whereby L 
It  i s  w e l l  known t h a t  non- 
2 
o r  even d i s t r i b u t i o n a l  i n i t i a l  d a t a  y i e l d  a smooth s o l u t i o n .  Degenerate  
p a r a b o l i c  e q u a t i o n s  c o u l d  be d e s c r i b e d  as  having  a "roughing" p r o p e r t y .  
For v > 1, i t  h a s  been demonst ra ted  t h a t  smooth, compactly suppor ted  
i n i t i a l  d a t a  n e v e r  y i e l d  a c1 s o l u t i o n  ([ll], [ 1 2 ] ) .  The s p a c e  d e r i v a t i v e  
becomes d i s c o n t i n u o u s  a t  t h e  i n t e r f a c e ,  a t  some p o s i t i v e  t i m e .  The known 
r e g u l a r i t y  r e s u l t s  concern smoothness of weighted v e r s i o n s  of t h e  g r a d i e n t  
of u .  
O l e i n i k  and Kalashnikov proved t h a t ,  i n  one s p a c e  dimension,  
(1.7) VK(U) = U ~ V U  E L ~ ( o , T , L ~ ( Q ) )  . 
I n  f a c t ,  pK(u) i s  cont inuous .  I n  1969,  Aronson [ l ]  demonst ra ted  t h a t  
This  r e s u l t  i s  s h a r p ,  g i v e n  h i s  assumpt ions  on t h e  i n i t i a l  d a t a ,  as shown 
by t h e  examples c i t e d  i n  Aronson 's  paper  [l]. F u r t h e r  r e s u l t s  on t h e  
smoothness of  u ( x , t )  and t h e  s t r u c t u r e  of t h e  i n t e r f a c e  are c o n t a i n e d  i n  
[ 2 ]  and [ 3 ] .  
One can r e l a t e  t h e s e  two p r o p e r t i e s  of d e g e n e r a t e  p a r a b o l i c  equa- 
t i o n s .  A r e s u l t  of Knerr [8] roughly  states t h a t ,  g i v e n  smooth i n i t i a l  d a t a  
w i t h  compact s u p p o r t ,  t h e  s u p p o r t  w i l l  n o t  expand u n t i l  u ( x , t )  becomes 
n e a r l y  v e r t i c a l  a t  t h e  i n t e r f a c e .  When t h e  g r a d i e n t  of u becomes d iscon-  
t inuous  a t  the  i n t e r f a c e ,  then the  s u p p o r t  w i l l  b e g i n  t o  expand m o n o t o n i c a l l y .  
O u t l i n e  of t h i s  Report  
The main r e s u l t s  of t h i s  r e p o r t  are  t h e  e r r o r  estimates w e  d e r i v e  
f o r  v a r i o u s  G a l e r k i n  approximat ions  t o  (1 .1) - (1 .3) .  W e  b e g i n  o u r  a n a l y s i s  
i n  Chapter  I1 by s t u d y i n g  several p e r t u r b a t i o n s  of (1 .1) - (1 .3)  which y i e l d  
smooth s o l u t i o n s  which approximate t h e  s o l u t i o n  of (1 .1) - (1 .3) .  
I n  Chapter  I11 w e  s t u d y  t h e  r e g u l a r i t y  t h e o r y  f o r  (1 .1)-(1.3)  and 
a r e g u l a r i z e d  v a r i a n t  of t h e  porous medium e q u a t i o n  g iven  by (2 .3) - (2 .4) -  
( 2 . 5 ) .  Theorem 3 . 3  i s  a new r e g u l a r i t y  r e s u l t  f o r  t h e  porous medium 
e q u a t i o n  i n  a s p e c i a l  ( b u t  p h y s i c a l l y  i m p o r t a n t )  c a s e  which may b e  of 
i n t e r e s t  a s i d e  from i t s  a p p l i c a t i o n  t o  d e r i v i n g  e r r o r  estimates f o r  numeri- 
c a l  approximat ions .  
I n  Chapter  I V  w e  s t u d y  e r r o r  estimates f o r  two G a l e r k i n  methods t o  
approximate t h e  s o l u t i o n  of ( 1 . 1 ) - ( 1 . 3 ) .  Chapter  V c o n t a i n s  r e s u l t s  f o r  
t h e  backward-difference and ( i n  a s p e c i a l  c a s e )  Crank-Nicolson time 
d i s c r e t i z a t i o n  of t h e  schemes i n  t h e  p r e v i o u s  c h a p t e r .  
CHAPTER I1 
REGUT,ARIZATIONS OF THE POROUS MEDIUM EQUATION 
One d i f f i c u l t y  i n  d e r i v i n g  e r r o r  e s t i m a t e s  f o r  d e g e n e r a t e  para-  
b o l i c  problems i s  t h e  roughness  of t h e i r  s o l u t i o n s .  I n  t h e  s p e c i a l  case 
v = 1, w e  can e s t a b l i s h  enough smoothness f o r  u s o  t h a t  i t  i s  unnecessary  
t o  r e g u l a r i z e  t h e  porous  medium e q u a t i o n  ( s e e  Theorem 3 .3) .  However, f o r  
v > 1 w e  must f i r s t  p e r t u r b  t h e  problem (1.1)-(1.3) t o  produce a problem 
w i t h  a smooth s o l u t i o n  u There are s e v e r a l  ways t o  do  t h i s .  
B '  
The method w e  s h a l l  d i s c u s s  i s  t h e  t e c h n i q u e  of nondegenera te  
p a r a b o l i c  approximat ion .  The d i f f u s i o n  c o e f f i c i e n t  of (1.1) is 
We s h a l l  r e p l a c e  (2.1) w i t h  a new d i f f u s i o n  c o e f f i c i e n t  
which s a t i s f i e s  t h e  c o n d i t i o n s  
Such a r e g u l a r i z a t i o n  could  b e  produced by t a k i n g  
rounding o f f  t h e  c o r n e r ,  and e x t e n d i n g  k t o  a n  even f u n c t i o n  on t h e  rea l  
l i n e .  Replac ing  k(S)  w i t h  k ( E )  y i e l d s  t h e  nondegenera te  p a r a b o l i c  problem 
B 
6 
on R X (O,T] , 
on as2 x [O,T] , 
on R . 
N S i n c e  k (5) i s  c @i) and bounL2d above z e r o  and u ,K ,O)  = u (x) 
i s  compact ly  suppor ted  i n  Q so t h a t  we have c o m p a t i b i l i t y  of  t h e  i n i t i a l  
and boundary d a t a  on 3Q X { t = O )  , ( 2 . 3 ) - ( 2 . 5 )  is  a nondegenera te  p a r a b o l i c  
problem; hence,  u i s  CN on x [O,T) [91. 
B B 0 
B 
Our n e x t  t a s k  i s  t o  show t h a t  u i s  c l o s e  t o  u i n  an  a p p r o p r i a t e  
B 
s e n s e .  Towards t h i s  end w e  rewrite t h e  porous medium equat ion  (1.1) i n  
t h e  form 
where 
1 5 I V 5  (2.7) l+v  
1 5 
K(C)  = k(-r)dT = -
0 
W e  a l s o  rewrite t h e  nondegenera te  e q u a t i o n  ( 2 . 3 )  as 
au / a t  = A K (u  ) , 
B B B  ( 2 . 8 )  
where 
( 2 . 9 )  K B ( S )  = kB(T)ds  . 5 
0 
-1 B e f o r e  e s t i m a t i n g  u -u, w e  s h a l l  need t o  d e f i n e  a n  H s e m i -  
B 
norm on Q. L e t  T b e  t h e  s o l u t i o n  o p e r a t o r  w = Tf of t h e  Neumann problem 
=. 
4 
(2.10) d w = f  on R ,  
(2 .11)  awlan = 0 on ai2 , 
where w e  assume t h a t  
(2 .12)  
t o  g e t  e x i s t e n c e .  Let 
(2.13) I j w d x = -  Tf d x = O  
I R I  Q I Q I  Q 
f o r  un iqueness .  
For a f u n c t i o n  f ( x )  on R ,  w e  d e f i n e  t h e  semi-norm 
(2.14) 
-1 T h i s  i s  e q u i v a l e n t  t o  t h e  u s u a l  H 
We are n o w . i n  a p o s i t i o n  t o  prove 
norm on f u n c t i o n s  of mean v a l u e  zero .  
THEOREM 2 . 1 .  L e t  u b e  t h e  s o l u t i o n  o f  (1.1)-(1.3) and l e t  u be  the 
s o l u t i o n  of (2 .3) - (2 .5) .  Then 
B 
(2.15) 
* * 
where C = C (v )  and C1 = C1(v,IRI) are p o s i t i v e  c o n s t a n t s .  
Proof. 
(2.6) as 
Using t h e  o p e r a t o r  T d e f i n e d  i n  (2.10)-(2.13) ,  rewrite t h e  PME 
(2.16) I Tut + K ( u )  = - j K(u)dx 
In! fl 
13 
a t  any t i m e  t > 0. S i m i l a r l y ,  t h e  r e g u l a r i z e d  PME (2 .8 )  is  e q u i v a l e n t  t o  
Tu + K ( u ) = -  K ( u  ) d x  B t  B B In1 B B (2.17) 
n 
f o r  a l l  t > 0. 
u have mean v a l u e  z e r o  on s2; t h i s  f o l l o w s  t r i v i a l l y  f rom t h e  Neumann 
boundary d a t a  (1 .2)  and ( 2 . 4 ) .  
The e q u a t i o n s  (2.16) and (2.17) are  v a l i d  because  u and 
t 
B t  
We s u b t r a c t  (2.16) from (2.17) t o  g e t  
n 
a t  each  p o s i t i v e  t i m e .  I n t e g r a t e  (2.18) a g a i n s t  u -u t o  g e t  
B 
d 
d t  B N o t i c e  t h a t ,  since - ,f(u -u)dx = j (uBt-ut)dx = 0, w e  have / (uB-u)dx = n R 
The f i r s t  term on t h e  l e f t  s i d e  of  (2.19) can  b e  w r i t t e n  i n  t h e  
form 
TO bound t h e  second term on t h e  l e f t  s i d e  of (2.19) w e  f i r s t  u s e  
t h e  f a c t  [ l O J  t h a t ,  f o r  any two r ea l  numbers a and b ,  
(2.21) 
Thus, 
(2.22) 
Consequent ly ,  
(2 .23)  
* 2+v * 
a-bl , C = C ( v )  . 
2+v -4 2+v 
L (fl) 
1 d  * 2+v 
We bound t h e  r i g h t  s i d e  of  (2 .23)  by 
(2.24) 
where y = 1 + - i s  t h e  exponent  c o n j u g a t e  t o  2+v, and h i d e  t h e  second 
t e r m  on t h e  r i g h t  i n  (2.24) i n  t h e  second term on t h e  l e f t  i n  (2 .23 ) .  
l+v 
S i n c e  k (5 )  = k ( 6 )  f o r  151 B, a t  each  ( x , t )  E Rx[O,T]  w e  have  
B 
(2 .25)  
(2 .26)  
(2.27) 
0 
W e  have  used  t h e  f a c t  t h a t  the m a x i m u m  p r i n c i p l e  i m p l i e s  t h a t  u 6 ( x , t )  i s  
nonnega t ive .  Thus, 
I n t e g r a t i n g  ( 2 . 2 7 )  i n  time f r o m  0 t o  T e s t a b l i s h e s  t h e  theorem w i t h  
C 1 = C C T .  0 2 4  
c 
There are many o t h e r  ways t o  r e g u l a r i z e  (1 .1) - (1 .3) .  One 
r e g u l a r i z a t i o n  which a p p e a r s  i n  t h e  l i t e r a t u r e  i s  e q u i v a l e n t  t o  t a k i n g  
t h e  modi f ied  d i f f u s i o n  c o e f f i c i e n t  t o  b e  
N 
However, i f  u i s  t h e  s o l u t i o n  of (1.1)-(1.3) w i t h  k ( c )  r e p l a c e d  by 
d g ( < ) ,  w e  can o n l y  prove t h a t  
B 
(2 .29)  
which i s  worse t h a n  ( 2 . 1 5 ) .  
(2.28) as a t h e o r e t i c a l  t o o l  i n  Chapter  I11 f o r  t h e  s p e c i a l  case v = 1. 
For f u t u r e  r e f e r e n c e ,  i n  t h e  case v = 1 u i s  d e f i n e d  t o  b e  t h e  s o l u t i o n  of 
However, w e  s h a l l  need t h e  r e g u l a r i z a t i o n  
N 
B 
= v *  ((;; +B)VGB) on R x ( O , T ]  , 
= o  on a R  x [O,T] , 
a -  
a t  ua B 
a -  
an 
- (2 .30)  
(2 .31)  - 
N 
u ( x ,O)  = u (x) on R . B 0 (2.32) 
,5 
W e  i n t r o d u c e  t h e  n o t a t i o n  9) (6) = I d  (T)dT, so t h a t  when v = 1, 
r E  B O B  
F i n a l l y ,  w e  s h a l l  need t h e  r e s u l t  
(2.33) (K (v)-K (w) ,v-w) - > C * / ~ V - W / ~ + ~ ~ X  B B 
h 
51 
f o r  any two measurable  f u n c t i o n s  v and w on R. This  f o l l o w s  from (2 .21) .  
17 
. 
CHAPTER 111 
SOME REGULARITY RESULTS FOR THE POROUS MEDIUM EQUATION 
1 We begin with an estimate based upon the L -contraction property 
of parabolic equations. 
THEOREM 3.1. Let u be the solution of (2.3)-(2.5). Then 
B 
(3.1) 
0 Proof .  Let uB and v 
and v respectively. 
{xlvg(x,t) > u,(x,t)}. Notice .that 
be two solutions of (2.3)-(2.5) with initial data u 
Let R+(t) = {xlug(x,t) > v (x,t)) and let R - (+) = 
B 
0 B 
( 3 . 2 )  
We shall need to show that 
( 3 . 3 )  
Formally, Green's Theorem tells us that 
where the first term is clearly nonpositive and the second term may be 
18 
w r i t t e n  as 
The f i r s t  term i n  t h e  above i s  n o n p o s i t i v e  because  K ( u  )-K ( v  ) i s  p o s i -  
t i ve  i n  s2 ( t )  and z e r o  on as2 ( t )  n n. The second t e r m  i s  z e r o  by t h e  
Neumann boundary c o n d i t i o n  ( 2 . 4 ) .  A r i g o r o u s  proof  of ( 3 . 3 )  which t rea ts  
t h e  d i f f i c u l t y  t h a t  an  ( t )  i s  n o t  known t o  b e  smooth may b e  found i n  
Douglas ,  Dupont, S e r r i n  [51. 
B B  B B  
+ + 
+ 
We m a y  a l s o  use  Sard's Theorem t o  prove  ( 3 . 3 )  (see [14], Theorem 
3.1). L e t  E J. 0 be a sequence of p o s i t i v e  numbers which are n o t  c r i t i c a l  
v a l u e s  of (K (u  )-K ( v  ) ) ( - , t )  and l e t  fiq(t) = ( x I ( K  ( u  )-K ( v  ) ) ( x , t )  > E ) .  
n 1 S i n c e  an ( t )  i s  C , w e  have 
n 
B B  B B  B B  B B  n 
+ 
( 3 . 4 )  
a - (K ( U  )-K (V ) ) d x  . = l i m  - j 
n- an B B  B B  
a+) 
The i n t e g r a n d  of t h e  second term v a n i s h e s  on a n n ( t )  n a R  by ( 2 . 3 )  and t h e  
f a c t  t h a t  K (u  )-K ( v  ) i s  g r e a t e r  than  E 
an:(t) n R proves  t h a t  
+ 
on Qn(+) and e q u a l s  E on B B  B B  n + n 
n on aQ+( t )  n R ;  t h i s  p r o v e s  t h a t  t h e  second t e r m  on t h e  r i g h t  s i d e  of 
(3 .4)  i s  n o n p o s i t i v e .  W e  have e s t a b l i s h e d  t h e  i n e q u a l i t y  ( 3 . 3 ) .  
Next ,  w e  n o t i c e  t h a t  (3 .2)  and (3.3)  y i e l d  
(3.6a)  
Interchanging the  roles of u and v t e l l s  us t h a t  B B 
(3.6b) 
Thus, 
( 3 . 7 )  
P 
d d - - 1 Iu -v Idx 
B B  dt  R 
- II u --v II 
d t  L1(R) 
= 1 & lug-vBldx 
R 
I n t e g r a t i o n  i n  t i m e  y i e l d s  
( 3 . 8 )  
f o r  a l l  t ,  0 5 t 5 T:
L e t  v ( t )  = u (t+At) and d i v i d e  by A t  t o  o b t a i n  
B B 
L e t t i n g  A t  +- 0 e s t a b l i s h e s  t h e  estimate 
( 3 . 9 )  
where C i s  independent  of 8 ,  0 < B < 1. 0 6 
W e  s h a l l  need t h e  f o l l o w i n g  estimate t o  derive o u r  convergence 
ra tes  la te r  on. 
1 
l+v COROLLARY 3 .2 .  L e t  y = 1 + -. Then 
J \ I U  lYdxdt  - < C7 B 
O R  
V - -  
rT l+v 
B t  
(3 .10)  
Proof. If (2 .3)  is  i n t e g r a t e d  a g a i n s t  t h e  test  f u n c t i o n  K (u  ) 
B B t '  
(3 .11)  
Thus, 
(3.12) 
S i n c e  JkSoLi 6'" on R x [ O , T l ,  
(3 .13)  
By t h e  Riesz-Thorin Theorem 
( 3 . 1 4 )  
so  t h a t  
V 2 
(3 .15)  
Next, i n t e g r a t e  i n  t i m e  from 0 t o  T and u s e  Hi j lder ' s  i n e q u a l i t y  t o  o b t a i n  
(3 .16)  
2 1  
Then, (3.10) f o l l o w s  from Theorem 3 .1 ,  ( 3 . 1 3 ) ,  and (3 .16) .  0 
I n  t h e  s p e c i a l  case v = 1 a much s t r o n g e r  r e s u l t  can  b e  proved.  
THEOREM 3.3. L e t  v = 1 and l e t  u be t h e  s o l u t i o n  of ( 1 . 1 ) - ( 1 . 3 ) .  Then, 
(3.17) 
N 
where c 1 2  = cl2(G, and N i s  g i v e n  i n  
t h e  s t a t e m e n t  of Lemma 3.5.  
It i s  n o t  known whether  a n  ana logue  of Theorem 3 . 3  i s  v a l i d  f o r  
v > 1. Applying t h e  Sobolev imbedding theorem t o  (3.17)  y i e l d s  t h e  
f o l l o w i n g  r e s u l t .  
COROLLARY 3 . 4 .  Assume v = 1. Then 
(3.18)  i f  dim(R) = 1 o r  2 , 
V(u2) E L ~ ( O , T , L ~ ( R ) )  , and 
(3.19)  i f  dim(0) = 3 , 
o(u2> E L ~ ( O , T , L ~ ( ~ > >  f o r  any q < m . 
C o r o l l a r y  3.4 g e n e r a l i z e s  bounds p r e v i o u s l y  known o n l y  f o r  one 
s p a c e  dimension when v = 1. I n  o r d e r  t o  prove  Theorem 3.3 w e  s h a l l  need 
t h e  f o l l o w i n g  lemma.  
N 
LEMMA 3.5.  Assume t h a t  v = 1 and l e t  u b e  t h e  s o l u t i o n  of (2.30)-(2.32).  
Suppose t h a t  
6 
N N 
Min u (x,O) = Min A 0  ( u  )(x) = -N , 
X € R  B t  X€R B O  
N 
where N is  a p o s i t i v e  number. Then, 
N 
u ( x , t )  1 -N ’, ( x , t )  E Qx(O,T] . B t  (3 .20)  
Proof of Lemma 3 . 5 .  I f  (2.30) is  d i f f e r e n t i a t e d  w i t h  r e s p e c t  t o  t i m e ,  
(3.21) 
2 2 -  N N  
a / a t  u = A g  ( z  ) = d (L )A’; + 2Vd (G )*V; + (AdB(uB))uBt,  B B B t  B B B t  B B B t  
where d (s ) = (’; +B) as i n  ( 2 . 2 8 ) .  
as 
L e t  p = 8; / a t  and rewrite (3.21)  B B  B B 
= (G +B)Ap + 2(VG )*(Vp) + pAGB . 
P t  B B (3 .22)  
We s h a l l  show t h a t  p o b t a i n s  i t s  minimum a t  t = 0. Assume, t o  
t h e  c o n t r a r y ,  t h a t  p has a n e g a t i v e  minimum a t  (x t ) E Gx(O,T]. Then a t  
t h e  p o i n t  (xo, to),  
0’ 0 
N N 
N o t i c e  t h a t  u i s  nonnegat ive  by t h e  maximum p r i n c i p l e ,  so  t h a t  u +B is  
p o s i t i v e ,  and t h a t  Ap > 0 a t  (xo , t , ) .  S i n c e  p ( x  t ) < 0,  w e  need o n l y  - 0’ 0 
show t h a t  Au i s  n e g a t i v e  a t  (x  t ) t o  d e m o n s t r a t e  t h a t  p must a t t a i n  i t s  
minimum on t h e  p a r a b o l i c  boundary of Qx(O,T]. 
B B 
N 
B 0’ 0 
A t  ( x o , t o )  w e  have 
(3.24) 
2 
0 > p = A 0  (; ) = (; +B)AG + (VEB) , B B  B B 
N 
so t h a t  Au must be n e g a t i v e .  This  i m p l i e s  t h a t  p must a t t a i n  i t s  minimum 
on aRx(O,T] o r  on Qx( t = O )  . 
Neumann boundary c o n d i t i o n  (2.31) and t h e  s t r o n g  maximum p r i n c i p l e  f o r  
p a r a b o l i c  e q u a t i o n s .  T h i s  proves  t h e  lemma. 0 
B 
The former p o s s i b i l i t y  i s  r u l e d  o u t  by t h e  
Proof of Theorem 3.3. 
see t h a t  
We d i f f e r e n t i a t e  (2 .30)  w i t h  r e s p e c t  t o  t i m e  t o  
N 
= A 0  (L ) on W ( O , T ]  . 
B t t  B B t  
(3.25) U 
I n t e g r a t i n g  (3.25)  a g a i n s t  0 (l ) y i e l d s  
B B t t  
(3.26) 
where w e  have used t h e  f a c t  t h a t  
- 0 ( S )  a = - ( - 0 ( U ) )  a a = o  
an B ~t a t  an B B 
on a n x [ O , T ] .  
S i n c e  v = 1, w e  have 
(3.27) 
N o t i c e  t h a t  t h e  f i r s t  t e r m  on t h e  r i g h t  s i d e  of (3.27) 
We can i n t e g r a t e  (3 .26)  i n  time t o  see t h a t  
i s  nonnegat ive .  
where C13 i s  independent  of 6, 0 < f3 - < 1. Combining (3.28) w i t h  Lemma 3 .5 ,  
w e  see t h a t  
The estimate (2.29) tells us that G -+ u ing'((O,T)xQ), so that 
u -+ u distributionally. Since, by (3.29), {'; } is bounded in 
L (O,T,L ) ,  a weak sequential compactness argument will complete the proof 
of Theorem 3.3. We also may conclude that &u E L (O,T,L ). 0 
B 
ry 
Bt t Bt 8€(0,11 
W 3 
2 2 
tt 
The proofs of Theorem 3.3 and Lemma 3.4 allow us to conclude that 
the solution of the problem 
(3.30) av/at = v*(a(v)vv) on Rx(O,T] , 
(3.31) av/an = 0 on aRx[O,T] , 
(3.32) V(X,O) = uo(x> on Q , 
2 
where  w e  assume t h a t  a ( 5 )  E C (TO,..)) and 
(3.33a) a(0) = 0, a(5) > 0 f o r  5 > 0 , 
(3.33b) 
(3.33c) a"(5) 5 0 v< E (O,<,I , 
a'(5) 6 ,  V< E (0 ,50] ,  some 6 > 0 and < > 0, and 
0 
has the regularity property 
av/at E L~(O,T,L 3 ( a ) )  . (3.34) 
The assumptions (3.33b)-(3.33~) are satisfied in some physical gas flow 
models. The Sobolev imbedding theorem would imply that 
(3.35) a(v)Vv E La(O,T,Lw) for dim(R) = 1 or 2 , 
and 
(3.36) a(v)Vv e Lm(O,T,Lq) for dim(Q) = 3 , 
for any q < 00. Since a(v)Vv represents the flux, these results should be 
of some physical interest. 
CHAPTER IV 
SOME CONTINUOUS-TIME GALERKIN SCHEMES 
In this chapter we shall derive error estimates for several 
continuous-time Galerkin schemes which approximate u 
We begin with a scheme which yields a continuous piecewise-linear approx- 
(or u directly). 
B 
imation V to v = K (u ) .  h B B B  
1 Let {‘J$}O<h<l be a family of finite-dimensional subspaces of H (a) 
which consist of continuous piecewise-linear functions on elements of maximum 
diameter h. It is well-known that {% } has the approximation property h 
(4.la) 
for all f E W2yP(Q)y 1 5 p 
triangulation of {T} satisfies the quasi-uniformity condition in [6] 
that the following inverse property holds 
m. We shall also assume that the underlying 
so 
(4.lb) 
for x E 3fh. A simple duality argument shows that (4.lb) implies 
(4.1~) 
We shall only use spaces of continuous piecewise-linear elements 
in our work because the roughness of the solution of (1.1)-(1.3) implies 
that very little accuracy would be gained by using spaces with higher 
order approximation properties than ( 4 . l a ) .  
I n  t h i s  c h a p t e r ,  we  p r e s e n t  a g l o b a l  convergence r a t e  a n a l y s i s .  
I n  p r a c t i c e ,  one would want t o  r e f i n e  t h e  s p a c e  mesh n e a r  t h e  i n t e r f a c e  
where t h e  s o l u t i o n  of (1 .1)-(1.3)  i s  rough.  The l o c a l  r e f i n e m e n t  proper-  
t ies of G a l e r k i n  methods recommend t h e i r  u s e  f o r  problems such  as 
(1 .1) - (1 .3) .  
We s h a l l  d e f i n e  Vh: [O,T] +-Bh by t h e  o r d i n a r y  d i f f e r e n t i a l  
e q u a t i o n  
f o r  x €3 
H (V ) ,  so t h a t  ( 4 . 2 )  can b e  r e w r i t t e n  as 
and 0 < t < T ,  where H ( E )  = (K ) - l ( < )  B B - h 
B h  
W e  d e f i n e  U t o  be 
h 
I n  ( 4 . 3 ) ,  K (U ) b u t  U i t s e l f  i s  n o t  p i e c e w i s e - l i n e a r .  B h  h 
We c o n s t r u c t  o u r  i n i . t i a l  d a t a  by l e t t i n g  V (0) €.5$fh h 
s a t i s f y  
2 where P i s  t h e  L p r o j e c t i o n  o n t o 2  The e x i s t e n c e  and uniqueness  
of v (0) i n  ( 4 . 4 )  f o l l o w s  from t h e  f a c t  t h a t  Ph 0 H i s  a c o n t i n u o u s  
c o e r c i v e  monotone o p e r a t o r  on '3.f 
t h e o r y ,  t h i s  t e l l s  u s  t h a t  Pho H 
h h '  
h B 
By s t a n d a r d  monotone o p e r a t o r  h '  
B 
is  one-to-one and o n t o  as a map from 
L%h t o  i t s e l f  [151. This  i s  proved i n  t h e  remarks a t  t h e  end of t h i s  
c h a p t e r .  N o t i c e  t h a t  PhUh(0) = P u 
h 0 '  
2 S i n c e  1 E Rh, t h e  d e f i n i t i o n  of t h e  L p r o j e c t i o n  t e l l s  us  t h a t  
R R 
and ( 4 . 3 )  i m p l i e s  
These e q u a l i t i e s  imply t h a t  u -U 
z e r o  on R f o r  a l l  t - > 0. 
and t h e r e f o r e  P (u  -U ) have mean v a l u e  B h  h 8 h  
W e  now i n t r o d u c e  a d i s c r e t e  v e r s i o n  o f  t h e  s o l u t i o n  o p e r a t o r  T 
2 t h a t  w e  d i s c u s s e d  i n  Chapter  11. L e t  Th: L (0) +%fh b e  d e f i n e d  by 
T f = W h ,  where h 
W e  assume t h a t  
( 4 . 6 )  
R 
t o  g e t  a well-posed problem. 
W e  r e w r i t e  ( 4 . 2 )  i n  t h e  form 
( 4 . 7 )  
a H  ( V )  +'h = - J ~ d x  IQl  1 h ' 
R 
Th a t  B h 
which i s  e q u i v a l e n t  t o  
I K8@Jh)dx - - U  + K ( U ) = -  
n 
a 
( 4 . 8 )  Th a t  h B h 
We s u b t r a c t  ( 4 . 8 )  from ( 2 . 1 7 )  and g e t  
( 4 . 9 )  
27 
Not ice  t h a t  
(4.10) a - P  a (u 4 )  , T h ( k  uB - ‘h) = T h a t  h B h 
s i n c e  T (I-P ) = 0.  Next, w e  i n t e g r a t e  (4 .9)  a g a i n s t  u -U which h a s  
mean v a l u e  z e r o .  Th i s  y i e l d s  
h h  B h ’  
1 d  
2 d t  h h  B h h B h -- (T ( U  -U Y P (’ -U 1) + ( ‘ ~ ( ~ 6 )  - KB(Uh) 9 uB-Uh) (4 .11)  
= ((Th-T) au / a t ,  u -U ) . 
B B h  
The f i r s t  t e r m  on t h e  l e f t  s i d e  of (4 .11)  i s  
(4 .12)  
where t h e  fi-‘ semi-norm on ,% i s  d e f i n e d  by h 
(4.13) 
1 X(x)dx.  T h i s  semi-norm i s  e q u i v a l e n t  t o  t h e  p r e v i o u s  1 - ma where x = x - 
-1 H 
6 and A such  t h a t  
semi-norm d e f i n e d  by (2.14) on 3 t h ,  i . e .  t h e r e  ex i s t  p o s i t i v e  c o n s t a n t s  
f o r  x E %  w i t h  mean v a l u e  z e r o .  We s h a l l  i d e n t i f y  t h e  two semi-noms inthis report. h 
To v e r i f y  (4 .14 ) ’  n o t i c e  t h a t  T = EhT,  where E h h 
i s  t h e  e l l i p t i c  
p r o j e c t i o n  (4 .54) - (4 .55)  and 
- .  
1 because  [lVEhf [I < IIVfll  2 f o r  a l l  f E H  (a). Next, by (4.1 
2 -  
L (a>_-, L (a) 
29 
) f o r  p = 2  
and (4.  I C )  f o r  t h e  H - l  norm, 
Combining ( 4 . 1 1 ) ,  ( 4 . 1 2 ) ,  (4 .14) '  and (4.15)  y i e l d s  
(4.16) 
We use the e lementary  i n e q u a l i t y  
ab  1. 1 ap + bq 
P q 
(4.17) 
1 1  
P 4  
f o r  a , b  2 0, - +  - = 1, and 1 < p , q  < 00 t o  bound t h e  r i g h t  s i d e  of (4 .16)  by 
(4.18) 
t h e  c o n j u g a t e  exponent  of 2+v. We s h a l l  1 The symbol y d e n o t e s  1 + - l+v ' 
h i d e  t h e  l a s t  term of (4.18) i n  t h e  second t e r m  on t h e  l e f t  s i d e  of ( 4 . 1 6 ) .  
We s h a l l  need t h e  r e s u l t  
(4.19) 
V f  E LP(Q) ,  1 < p < 00, i n  one space  dimension. 
p o l a t i n g  t h e  L 
T h i s  i s  proved by i n t e r -  
03 
estimates i n  [7]  and t h e  s t a n d a r d  L2 r e s u l t  and then  
u s i n g  a d u a l i t y  argument t o  account  f o r  p E (1 ,2] .  In two s p a c e  dimen- 
s i o n s ,  R. S c o t t  [13] h a s  shown t h a t  
We s h a l l  u s e  t h e  one-dimensional r e s u l t  (4.19) th roughout  o u r  a n a l y s i s .  
The l o g a r i t h m i c  t e r m  i n  (4 .19a)  i s  c o m p u t a t i o n a l l y  i n s i g n i f i c a n t  so  t h a t  
o u r  e r r o r  bounds are e s s e n t i a l l y  v a l i d  i n  two s p a c e  dimensions.  
W e  now have t h e  bound 
(4.20) 
Theorem 3.3 and C o r o l l a r y  3 . 2  t e l l  us  t h a t  
(4.21) 
v = l ,  
rT 
I l l  / 2 + l l Y  < 
I n t e g r a t i n g  (4.16) i n  t i m e  and u s i n g  ( 4 . 1 8 ) ,  ( 4 . 2 0 ) ,  and (4.21) y i e l d  
t h e  estimate 
(4.22)  
v = l ,  
< 1  V 
N o t i c e  t h a t ,  i n  t h e  s p e c i a l  case v = 1, w e  can use  (4.2)  w i t h  
6 = 0 t o  compute Vh and Uh. 
f o r  v > 1. 
However, (4.22) does n o t  a l low us  t o  do t h i s  
31 
- .  
THEOREM 4.1 .  
6 = 0 w i t h  i n i t i a l  d a t a  (4 .4 ) .  
Assume tha t  v = 1 and l e t  V h be t h e  s o l u t i o n  of (4 .2)  w i t h  
L e t  Uh = HO(Vh) .  Then f o r  dim(R) = 1, 
(4.23) 
and 
(4.24) 
Fur the rmore ,  the inverse h y p o t h e s i s  ( 4 . 1 ~ )  on 3 h i m p l i e s  t ha t  
( 4 . 2 5 )  
W e  remark that  (4.23)-(4.25) are s t i l l  v a l i d  f o r  any  E [O,h] .  
T h i s  follows from Theorem 2.1.  
Proof of Theorem 4.1. The bound (4.22) f o r  6 = 0 and v = 1 te l l s  u s  t h a t  
(4.26) 
which e s t a b l i s h e s  (4 .24) .  Next, we  n o t e  t h a t  
(4.27) 
C 
Suppose QE(t)  = { x ( u ( x , t )  - > E )  and R E ( t )  = R - QE(t) .  L e t  uE = u on R E ( t )  
and u 
E C E 
= E on R E ( t ) .  S i n c e  Iu -uI E ,  w e  have  
(4.28) 
where w e  have  used  the c o n t i n u i t y  of Ph on LO3(n) [6] .  In  b o t h  (4.27) and 
(4.28) w e  have  used  t h e  estimate 
I 
32 
f o r  j = -1 o r  0. 
I n t e g r a t i n g  (1.1) a g a i n s t  K(u) y i e l d s  
t 
(4.29) 
2 so t h a t  VK(u) = uVu E Lm(L ) . S i n c e  u > E on R ( t )  , i t  f o l l o w s  t h a t  
E - 
(4.30) 
Thus,  
Choosing E = fi proves  t h a t  
(4 .32a)  
(4.32b) 
S i m i l a r  bounds h o l d s  f o r  U i n  p l a c e  of u ;  t h e  proof  i s  i d e n t i c a l .  Thus 
h 
(4.33)  
and 
(4.34)  
The bounds (4.26) and (4.34) y i e l d  t h e  estimate (4 .23) .  
.. 
(4 .35)  
F i n a l l y ,  t h e  i n v e r s e  h y p o t h e s i s  ( 4 . 1 ~ )  f o r m h  t e l l s  u s  t h a t  
Next, t h e  bound ( 4 . 3 3 )  and t h e  cor responding  bound f o r  U h imply 
t h a t  
(4.36) 
Combining (4.35) and (4.36) y i e l d s  ( 4 . 2 5 ) .  0 
Next,  w e  prove  a s imilar  r e s u l t  f o r  t h e  more g e n e r a l  case v 21. 
THEOREM 4.2 .  L e t  V be t h e  s o l u t i o n  of (4 .2)-(4.4)  w i t h  dim(Q) = 1 and h 
B = B ( h ) = h , a =  U 2Y 
(4.37)  V 2 + v + -  l+v 
Then, 
(4.38) 
(4 .39)  
and 
-1 
W e  remark t h a t ,  f o r  v = 1, Theorem 4 . 2  produces  L (H ) and 
'I7) and O(h 6'7) which are worse t h a n  t h e  L (L ) e r r o r  estimates of O(h 3 3  
c o n c l u s i o n s  of Theorem 4 . 1  i n  t h i s  special  case. 
Proof of Theorem 4.2.  Recall  t h e  estimate (4.22) f o r  v - > 1. By u s i n g  
t h e  t e c h n i q u e s  of (4.27)-(4.34) f o r  v > 1 w i t h  E = hl+', w e  can  prove  
1
t h a t  
Thus, w e  can s t r e n g t h e n  the f irst  t e r m  i n  (4.22) and write 
1 
2 
3 
(4.42) 
917 61 7 
81 7 41 7 
25/23 10123 
V 
U I f  w e  choose B = h i n  (2.15) s o  t h a t  
V - 
2y l+v - B2+v 
(4.43) h / B  - Y 
w e  have e s t a b l i s h e d  bounds (4.38) and ( 4 . 3 9 ) .  F i n a l l y ,  w e  u s e  t h e  i n v e r s e  
h y p o t h e s i s  ( 4 . l c ) ,  t h e  bound (4.22) on IIP (u -U )I/ , and t h e  bound 
h B h Lm(H-l) 
(4.41) t o  e s t a b l i s h  ( 4 . 4 0 ) .  0 
Here are some convergence rates f o r  ' s m a l l '  v a l u e s  of  v .  
(4.44) 
217 
1 1 7  
2/23 
Not ice  t h a t ,  a l t h o u g h  i s  n o t  e x p l i c i t l y  p r e s e n t  i n  t h e  bounds (4.38)- 
( 4 . 4 0 ) ,  t h e  G a l e r k i n  approximation U t o  u w a s  computed w i t h  t h e  
d i f f u s i o n  c o e f f i c i e n t  k n o t  k .  
h 8 
B Y  
We c o n j e c t u r e  t h a t  t h e  f o l l o w i n g  r e g u l a r i t y  r e s u l t  i s  t r u e :  
(4.45) 
f o r  a l l  v 2 1. I f  (4 .45)  i s  t r u e ,  w e  can s e t  = 0 i n  (4 .2) - (4 .4)  and 
w e  could  prove  t h e  e r r o r  estimates 
f 
.. 
1 
2 
3 
( 4 . 4 6 )  
312 1 1 1 2  
413 213 113 
514 1 1 2  1 1 4  
( 4 . 4 7 )  
and 
( 4 . 4 8 )  
T h i s  would y i e l d  t h e  ra tes  
( 4 . 4 9 )  
We r e p e a t  t h a t  ( 4 . 4 9 )  h a s  been proved f o r  = 1. The same ra tes  are 
2 / l + V  v a l i d  f o r  any 6 e [ O , h  I .  
Another  Continuous-Time Scheme 
The r e a d e r  may wonder why w e  c o n s i d e r e d  a con t inuous  p i ecewise -  
l i n e a r  approximat ion  V t o  K (u  ) i n s t e a d  of approx ima t ing  u d i r e c t l y  
by a p i e c e w i s e - l i n e a r  f u n c t i o n  U The r e a s o n  i s  t h a t  t h e  convergence  
seems t o  b e  s lower  f o r  t h e  second scheme. 
h B B  B 
N 
h '  
However, i n  some g e n e r a l i z a t i o n s  of t h e  porous  medium e q u a t i o n ,  
w e  may b e  i n t e r e s t e d  i n  u ,  n o t  K(u ) ,  and i t  may be  d i f f i c u l t  t o  r e c o v e r  
u from K(u) .  
- N  
Thus, one may want t o  compute U N u B  d i r e c t l y .  
N 
W e  s h a l l  s t u d y  t h e  f o l l o w i n g  approximat ion  U h :  [O,T] +5#$ t o  up: 
vx c B h ,  0 < t - < T ,  and 
( 4 . 5 1 )  
N 
Uh(0) = P u h O '  
35 
With T and Th d e f i n e d  by ( 2 . 1 0 ) - ( 2 . 1 3 )  and ( 4 . 5 ) - ( 4 . 6 ) ,  
r e s p e c t i v e l y ,  w e  have 
( 4 . 5 2 )  
+ & L B  (K (u )-K B h  (i ) ) d x  . 
R 
1 Here E H ( a )  + 3 f h  i s  t h e  e l l i p t i c  p r o j e c t i o n  o n t o  9fh, i . e .  h: 
( 4 . 5 3 )  (Vf-VEhf, OX) = 0 , vx E %h 9 
1 
f o r  a l l  f E H (SI), and 
./ Ehfdx = - f d x  . 
R Q 
I Q l  Inl ( 4 . 5 4 )  
The appearance  of t h e  t e r m  (E h- I )K B (c h ) i n  ( 4 . 5 2 )  c o m p l i c a t e s  t h e  
a n a l y s i s  and slows t h e  convergence r a t e .  It  cannot  b e  o m i t t e d  because 
Kg(ch) k fMh' 
N 
We i n t e g r a t e  ( 4 . 5 2 )  a g a i n s t  u -U which h a s  mean v a l u e  z e r o ,  t o  8 h '  
( 4 . 5 5 )  
Hide t h e  l a s t  term on t h e  l e f t  s i d e  as b e f o r e .  I n t e g r a t i n g  i n  time from 
0 t o  T,  w e  g e t  
- .  
( 4 . 5 6 )  
The f i r s t  t e r m  on t h e  r i g h t  s i d e  of (4 .56)  can  b e  bounded as i n  (4.20)- 
(4 .21) .  To bound t h e  second one ,  w e  u s e  t h e  estimate 
(4.57) 
f o r  1 < p < m and f E W1'p(R) t o  see t h a t  
(4 .58)  
(4.59) 
I n  o r d e r  t o  complete  o u r  a n a l y s i s ,  w e  n o t i c e  t h a t  (4 .17)  y i e l d s  
0 
W e  can bound 
t h e  t es t  f u n c t i o n  Uh 
N 
1 d  -- 
2 d t  ( 4 . 6 0 )  
t h e  second t e r m  on t h e  r i g h t  s i d e  of (4 .59)  by u s i n g  
i n  ( 4 . 5 0 )  t o  g e t  
2 2  
I n t e g r a t i o n  i n  time shows t h a t  
t a k e s  care of t h e  f i r s t  t e r m  on t h e  r i g h t  s i d e  of  (4 .59) .  
f o r  IC\ 6 ,  V ( E h  
i s  independent  of  f3 and h ( i t  e q u a l s  t h e  mean v a l u e  of  u ~ ) ,  P o i n c a r e ' s  
Vi?, = V i u h v  d.r E L (L ) , which 
V 0 
B h  
S i n c e  kg(5)  = 151 
l + v / 2  * N 
) E L (L ). S i n c e  we  know t h a t  t h e  mean v a l u e  of U h 
- 
N 1 + v / 2  2 2 1 1  V 
E L ~ r ,  > .  h 2(2-y) 2 V - s i n c e & = - + - <  I + -  2 i n e q u a l i t y  t e l l s  us that U 
Y 
2 2  
f o r  v 1, w e  know tha t  8, 2c2-y) E L (L ) , which t a k e s  care of t h e  f i r s t  
term on t h e  r i g h t  s i d e  of  (4 .59) .  Thus, 
(4.61) 
r 1 We remark t h a t  t h i s  argument could  b - d  by P 
s t a b i l i t y  r e s u l t  f o r  th. Another method would b e  t o  modify 
00 
ving  a n  L 
t h e  d e f i n i t i o n  
(2.2) o f  k ( E )  by adding  t h e  requi rement  t h a t  k ( e )  < M + l  f o r  a l l  real  5 
w h i l e  r e t a i n i n g  (2 .2a)  i n  t h e  form 
B 8 -  
T h i s  would r e q u i r e  minor changes i n  o u r  c o e r c i v i t y  estimates. 
We could  t h e n  bound t h e  second term on t h e  r i g h t  s i d e  of (4.56) by 
00 
u s i n g  (4.60)  and t h e  L bound on m. 
It may b e  p o s s i b l e  t o  g e t  b e t t e r  bounds by e s t i m a t i n g  A K  (t ) ,  
B h  
which e q u a l s  k’  (“u ) 
p i e c e w i s e - l i n e a r .  
) 2  on t h e  i n t e r i o r s  of o u r  e lements  because  i s  B h  h h 
We have proved 
THEOREM 4.3. Assume v > 1 and l e t  b e  t h e  s o l u t i o n  o f  (4.51)-(4.52) 
w i t h  B g i v e n  by (4 .38) .  Then when dim(S2) = 1, 
h - 
(4.63) 
(4 .64)  
Remarks on t h e  I n i t i a l  Data 
W e  need t o  show that  (4.4) has a unique  s o l u t i o n  V (0) c 3 t h .  We h 
B h’  
1 2 b e g i n  by showing that  P h o H  i s  a monotone o p e r a t o r  on 3 For V and V 
i n  a h Y  
( 4 . 6 5 )  
1 2 
where w e  have used (2.33) f o r  f3 0. I f  V and V b o t h  s a t i s f y  ( 4 . 4 ) '  
t h e n  H (V  ) = H (V ) by ( 4 . 6 5 ) ,  so t h a t  V = V . 
o p e r a t o r  P O H  
l i n e .  
1 2 1 2 
The c o n t i n u i t y  of t h e  
on c%h follows from t h e  c o n t i n u i t y  of  H B ( 5 )  on t h e  rea l  
B B 
h B  
2 To demonst ra te  c o e r c i v i t y ,  se t  V = 0 i n  ( 4 . 6 5 )  t o  g e t  
( 4 . 6 6 )  
Not ice t h a t  
where w e  have used (2 .25) .  Thus, u s i n g  ( 4 . 6 7 )  and t h e  e q u i v a l e n c e  o f  
h '  norms on the f inite-dimensional s p a c e  3 
( 4 . 6 8 )  
W e  have proved t h a t  
( 4 . 6 9 )  
1 as IIV 11 + oo, i . e .  w e  have proved t h a t  P h o  H 
P h e H  
t h e  H i l b e r t  s p a c e  s t r u c t u r e  g i v e n  by t h e  L 
s u r j e c t i v e  [15]. T h i s  proves  t h a t  ( 4 . 4 )  h a s  a s o l u t i o n .  
i s  c o e r c i v e  on ah* S i n c e  
B 
i s  a c o n t i n u o u s  c o e r c i v e  monotone o p e r a t o r  on 3 w i t h  r e s p e c t  t o  h B 
2 i n n e r  p r o d u c t ,  PhO H i s  
B 
Although o u r  c h o i c e  of  i n i t i a l  d a t a  i n  ( 4 . 4 )  is  convenient  f o r  
ou r  analysis ,  i t  i s  no t  t r i v i a l  t o  compute. However, i t  is  not  known 
whether  t h e  same convergence rates can b e  a t t a i n e d  u s i n g  e x p l i c i t l y  
d e f i n e d  i n i t i a l  d a t a  such  as V (0)  = P K ( u  ) o r  V (0) = E K ( u  ).  
Slower rates can b e  demonstrated f o r  these c h o i c e s  of t h e  i n i t i a l  d a t a .  
h h B  0 h h B  0 
Remarks on Numerical Approximation i n  Two 
o r  Three Space Dimensions 
For  dim(Q) = 2,  w e  must u s e  t h e  estimate (4 .19a)  i n s t e a d  of ( 4 . 1 9 )  
i n  our  a n a l y s i s .  This w i l l  r e s u l t  i n  s l i g h t l y  s lower  ra tes  of  convergence. 
I n  Theorem 4 . 1 ,  w e  m u s t  replace t h e  estimates ( 4 . 2 3 ) ,  (4 .24) ,  and (4.25) 
w i t h  
(4 .23) '  
( 4 . 2 4 ) '  
and 
1 
(4 .25) '  
r e s p e c t i v e l y .  I n  Theorem 4.2,  w e  must r e p l a c e  ( 4 . 3 8 ) ,  ( 4 . 3 9 ) ,  and ( 4 . 4 0 )  
w i t h  
( 4 . 3 8 ) '  
( 4 . 3 9 )  ' 
and 
4 1  
( 4 . 4 0 ) '  
F i n a l l y ,  o u r  c o n j e c t u r e d  estimates ( 4 . 4 6 ) ,  ( 4 . 4 7 ) ,  and ( 4 . 4 8 )  
must be r e p l a c e d  by t h e  f o l l o w i n g  i n  t w o  space  dimensions:  
\) 
( 4 . 4 6 ) '  
( 4 . 4 7 )  ' 
2 
and 
V 1 
( 4 . 4 8 )  ' 
I n  t h r e e  space  d imens ions ,  Lp bounds of t h e  form ( 4 . 1 9 )  o r  ( 4 . 1 9 a )  
are unknown f o r  p # 2 .  A c r u d e r  v e r s i o n  of  o u r  arguments  u s i n g  t h e  estimate 
( 4 . 7 0 )  
2 f o r  f E L ( Q )  and dim(0) = 3 w i l l  y i e l d  s lower  rates of  convergence t h a n  
our methods f o r  dim(Q) = 1 or  2 .  
- .  
CHAPTER V 
BACKWARD-DIFFERENCE AND CRANK-NICOLSON SCHEMES 
We s h a l l  f i r s t  c o n s i d e r  a b a c k w a r d - d i l f e r e n c e  scheme correspond-  
i n g  t o  ( 4 . 2 ) - ( 4 . 4 ) .  L e t  A t  = T/M, where M i s  a p o s i t i v e  i n t e g e r .  We 
d e f i n e  {V:} 
M 
n=O 
~ 2 % ~  by t h e  e q u a t i o n s  
0 n = Oyly...yM-ly and t h e  i n i t i a l  d a t a  V d e f i n e d  b y  
0 P H ( V ) = P  
h B  h hUO ' (5.2) 
W r i t i n g  Un f o r  H (V"), w e  can rewrite (5.1) i n  t h e  form 
h B h  
( 5 . 3 )  
0 PhUh = P u h O '  ( 5  4 )  
n 
B h  h We emphasize t h a t  K (U") E 3fh, whereas  U 
t h a t  t h e  c o e r c i v i t y  of t h e  ' e l l i p t i c '  t e r m  i n  ( 5 . 1 )  e n s u r e s  t h e  e x i s t e n c e  
of t h e  V h ' s .  
d 3fh. We should  p o i n t  o u t  
n 
It follows from ( 4 . 5 ) - ( 4 . 6 )  t h a t  
( 5 . 5 )  
L e t  u s  i n t r o d u c e  t h e  n o t a t i o n  
43  
(5 .6)  
n = u B ( - , t n ) ,  tn = nAt . (5 .7)  
+ n  Not ice  t h a t ,  s i n c e  1 E 3th,  ( a  Uh) 
i m p l i e s  t h a t  u -U h a s  mean v a l u e  z e r o  f o r  a l l  n .  
h a s  mean v a l u e  z e r o .  Th i s  
n n  
B h  
The porous  medium e q u a t i o n  (2 .3) - (2 .5)  can b e  p u t  i n  t h e  form 
T(a+u ) n  + K (un+') 
B B B  (5.8) 
S u b t r a c t  (5.8) from (5 .5)  t o  see t h a t  
(5 .9)  
(5.10) 
- U;" t o  s e e  t h a t  n+l  n+l  h = Next ,  i n t e g r a t e  (5 .9)  a g a i n s t  e 
'. 
;- 
L e t  u s  u s e  t h e  c o e r c i v i t y  estimate ( 4 . 1 5 ) ,  t h e  i n e q u a l i t y  (4 .17 ) ,  and 
t h e  i d e n t i f i c a t i o n  of semi-norms (4 .14)  t o  e x p r e s s  (5 .10)  as 
(5.11)  
v+2 where y = - v + l  
We beg in  ou r  a n a l y s i s  of t h e  f i r s t  t e r m  on t h e  r i g h t  s i d e  of 
(5 .11)  by n o t i c i n g  t h a t  
(5 .12)  
S i n c e  -Tu = B t t  
1 f - - f d x  In1 52 
+ n+l  
B B 
-T{(a u - au / a t )  
S 
= -  1 j t n + l j t n + l  (-Tugt: ( r )  d r d s  . 
S 
A t  
t n .  - N - -  dx = KB(uB) t ,  where f deno tes  
f o r  measurable  f u n c t i o n s  f ,  ,we have t h e  i n e q u a l i t y  
(5.13) 
R a i s i n g  (5.13) t o  t h e  power y and summing on n = O,l,...,M-l y i e l d  
( 5 . 1 4 )  
W e  c l a i m  t h a t  
where C51 i s  independent  of 8 .  S i n c e  
(5.16) 
2 2  because  11y<2, i t  i s  enough t o  g e t  an L (L ) bound on K (u ) This  B B t '  
f o l l o w s  from t h e  e q u a l i t y  
(5 .17)  
and t h e  estimate 
because  
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(5.26) 
f o r  v > 1. 
We have proved t h e  f o l l o w i n g  theorem. 
M 
THEOREM 5.1.  
(5 .2)  w i t h  6 = 0. Then, when dim(Q) = 1, 
Assume t h a t  V = 1 and l e t  {V") b e  t h e  s o l u t i o n  o f  (5 .1)-  
n-0 
(5.27)  
and 
By t h e  i n v e r s e  h y p o t h e s i s  ( 4 . 1 ~ )  on '3$, (5 .27)  i m p l i e s  
(5.29) 
2 
= C58(h1'2 + (At) f o r  A t  = h . 
We remark t h a t  (5 .27)-(5.29)  remain v a l i d  f o r  any B E [O,h] by 
Theorem 2.1.  
M 
n= 0 
THEOREM 5 .2 .  
w i t h  f3 = B(h) = ha d e f i n e d  by ( 4 . 3 8 ) .  
L e t  v > 1 and l e t  {V:; b e  t h e  s o l u t i o n  of (5.1)-(5.2) 
Then, when dim(n) = 1, 
(5.30)  Uh)nll -1 - < C 59 (I?*' + (At) 
n H (Q) 
( 5 . 3 1 )  
V where y = 1 + - and u = a(v) = 2y/(2+v + -1. Using t h e  i n v e r s e  
h y p o t h e s i s  ( 4 . 1 ~ )  w e  have 
l+v  l+v 
(5.32) 
We should  choose A t  = h O(l-tv) t o  match up t h e  space  and t i m e  convergence 
ra tes .  
We remark t h a t  t h e  two-to-one r a t i o  o f  t h e  space  convergence 
ra te  t o  t h e  t i m e  r a t e  is  well-known f o r  b a c k w a r d - d i f f e r e n c e  approxima- 
t i o n  t o  nondegenera te  p a r a b o l i c  e q u a t i o n s  and h a s  been proved f o r  t h e  
s p e c i a l  case v = 1 of  t h e  porous  medium e q u a t i o n .  We c o n j e c t u r e  t h a t  
t h i s  i s  t r u e  f o r  v > 1 and t h a t  t h e  r i g h t  s i d e  of (5.30) can  b e  r e p l a c e d  
bY 
( 5 . 3 3 )  
and t h e  bound (5.31) can b e  r e p l a c e d  by 
2/ (l+v) + (* t )  1/ (l+v) ) 
( 5 . 3 4 )  C62(h 
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M 
n=O 
We s h a l l  c o n s i d e r  t h e  ana logue  of  (4 .51)-(4.52) .  L e t  {c;} c 
54$ b e  d e f i n e d  by 
( 5 . 3 5 )  
and n = O,l,...,M, w i t h  i n i t i a l  d a t a  
( 5 . 3 6 )  -0 u h = P u  h O  
The a n a l y s i s  i n  ( 4 . 5 3 ) - ( 4 . 6 6 )  and ( 5 . 5 ) - ( 5 . 2 2 )  can b e  combined t o  
prove  t h e  f o l l o w i n g  estimates f o r  dim(n> = 1 
( 5 . 3 7 )  
and 
(5.38) 
A Crank-Nicolson Scheme f o r  
t h e  Porous Medium Equat ion  
M 
n=O 
L e t  {v:} c% s a t i s f y  
n = O , l , . . . , M - 1 ,  and l e t  
( 5 . 4 0 )  0 P H ( V ) = P u  h B  h h O '  
1 n n+l n+1 /2  d e n o t e s  $Vh+Vh 1 .  
h Here, V 
We s h a l l  c o n s i d e r  t h e  s p e c i a l  case v = 1, 6 = 0.  An e x t e n s i o n  
of  Theorem 3 . 3  which would e n a b l e  u s  to prove  t h a t  
( 5 . 4 1 )  
5 1  
f o r  v > 1 would be  r e q u i r e d  t o  ex tend  our  a n a l y s i s  t o  ( 5 . 3 9 ) - ( 5 . 4 0 )  
w i t h  v > 1. 
We rewrite ( 5 . 3 9 )  as  
and n = O,l,...,M-1, where 
( 5 . 4 3 )  0 P U  = P u  h h  h O  
d e f i n e s  t h e  i n i t i a l  d a t a .  
For any f o u r  rea l  numbers A ,  B ,  a ,  and b ,  w e  have the i n e q u a l i t y  
( 5 . 4 4 )  
To see t h i s ,  f i r s t  assume t h a t  A+B - > a+b. No t i ce  t h a t  
K (A) + K (B) - KB(a) - KB(b) = B B ( 5 . 4 5 )  
because  t h e  l e f t  s i d e  r e p r e s e n t s  t h e  i n t e g r a l  of k (T) over  an i n t e r v a l  
of l e n g t h  (A+B)-(a+b), and t h i s  i n t e g r a l  i s  bounded from below by t h e  
i n t e g r a l  of k (T) over  a n  i n t e r v a l  of t h e  s a m e  l e n g t h  c e n t e r e d  abou t  
t h e  o r i g i n .  Thus, 
B 
B 
( 5 . 4 6 )  
when A+B > a+b. The bound ( 5 . 4 4 )  f o l l o w s  by symmetry. L e t t i n g  - 
n+l  n n+ l  n 
h h 
A = u B = u a = U , and b = U and i n t e g r a t i n g  ( 5 . 4 4 )  over  fl, 
w e  see t h a t  
( 5 . 4 7 )  n + 1 / 2  n + 1 / 2  
2+v 
- Kg 
dx . 1 > -  - l + v  fi 
We are now i n  a p o s i t i o n  t o  a n a l y z e  t h e  Crank-Nicolson scheme 
r e w r i t t e n  i n  t h e  form 
( 5 . 4 8 )  
It  f o l l o w s  from (2.17)  t h a t  
S u b t r a c t i n g  ( 5 . 4 8 )  from ( 5 . 4 9 )  y i e l d s  
( 5 . 5 0 )  
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55 
so t h a t  
( 5 . 5 9 )  
M u l t i p l y i n g  ( 5 . 4 5 )  by A t  and summing on n y i e l d  t h e  bound 
( 5 . 6 0 )  
- < C71(h2Y + (At)2Y)  , 
i n  t h e  case v = 1, B = 0. We have proved t h e  f o l l o w i n g  r e s u l t ,  modulo 
n -1 t h e  r e q u i r e d  bounds on (I-P ) ( e  ) i n  H (Q) which w e  have d e r i v e d  i n  
Chapter  I V .  
h h  
M 
n= 0 
THEOREM 5 . 3 .  
L e t  Uh = H(Vh). 
Assume v = 1 and l e t  {V"} b e  t h e  s o l u t i o n  of ( 5 . 3 9 ) - ( 5 . 4 0 ) .  h 
Then, f o r  dim(Q) = 1, 
n n 
( 5 . 6 1 )  
and 
( 5 . 6 2 )  
and,  w i t h  A t  = h ,  
( 5 . 6 3 )  
We c o n j e c t u r e  t h a t  ou r  a n a l y s i s  of t h e  Crank-Nicolson procedure  
(5.39)-(5.40)  can be extended t o  t reat  t h e  c a s e  v > 1. If w e  assume 
t h e  r e g u l a r i t y  r e s u l t s  (4 .46)  and (5.41)  then  we  can e s t a b l i s h  t h e  
bounds 
( 5 . 6 4 )  
and 
(5.65)  
I f  w e  choose A t  = h ,  w e  would have 
L - 
n 
h would produce t h e  s a m e  o r d e r  of approximat ion  of U t o  u. Any B E LO, h l+v 1 
Di sc re t e - t ime  estimates i n  two and t h r e e  space  dimensions can  be 
ob ta ined  by ou r  methods.  The rates f o r  t h e  t i m e  s t e p  A t  are unchanged and 
t h e  ra tes  f o r  t h e  space  mesh s i z e  h must be  modi f ied  as i n  t h e  remarks a t  
t h e  end of t h e  p rev ious  c h a p t e r .  
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